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Introduction 
The problem of coincidence of the main dimension functions, dim, ind and Ind, 
is the fundamental one in dimension theory. Among classical results in this direction 
are the Brouwer-Urysohn-Menger-Hurewicz theorem on coincidence of these three 
dimension functions for separable metric spaces [3, 10, 11, 15, 28, 291 and the 
Katetov equality dim = Ind for metric spaces [ 131. Does the basic dimension func- 
tions, dim, ind and Ind, coincide in (normal) topological groups? This problem was 
advanced by Smirnov and Skljarenko during the 4th USSR Mathematical Congress 
which took place in Leningrad in July 1961 [26, Question 5].* The question was 
motivated by Pasynkov’s results [19,20] that had been obtained a year before. He 
proved that dim G = ind G = Ind G for every (locally) compact group G (recall that 
locally compact topological groups are paracompact). Recently Tkacenko [27] 
improved this result by showing that the equality dim G = ind G = Ind PG holds 
for each (locally) pseudocompact topological group G. We establish here the equality 
ind G = Ind G for every topological group G the space of which is a Lindelof 
* The author would like to thank Professor L.G. Zambakhidze for this reference. 
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E-space (in particular, for any a-compact group the small and large inductive 
dimensions coincide). We also construct, for every integer n 2 1, a precompact 
Abelian group G, such that G, is a Lindelof E-space, dim G,, = n and ind G,, = 
Ind G, =CO thus strengthening the author’s result from [25] (where the groups G,, 
were not precompact). This example demonstrates that in TkaEenko’s theorem cited 
above pseudocompactness of G cannot be weakened to precompactness (recall that 
pseudocompact opological groups are precompact [4]). 
1. Preliminaries 
Notations and terminology follow [6]. All topological spaces and groups con- 
sidered are assumed to be Tychonoff. The first infinite and the first uncountable 
cardinal will be denoted by w and w, respectively, Clx M stands for the closure of 
M in X. We use N for denoting the set of positive natural numbers. We say that a 
subspace Y of a topological space X is a retract of X iff there exists a continuous 
mapping r: X + Y such that r(x) = x for each x E Y. The mapping r is called a 
retraction. 
1.1. Definition. A space X is a Lindeliifp-space [l, 21 iff there exist a space Z with 
a countable base and a continuous perfect mapping g : X + Z. A space Y is a LindelGf 
E-space [17] iff there exist a Lindeliif p-space X and a continuous onto mapping 
f:X+ y. 
The following lemma recollects basic categorial properties of the class 9 of 
Lindeliif E-spaces. 
1.2. Lemma. (i) All compact spaces belong to 2’, 
(ii) every space having a countable base belongs to 2, 
(iii) ifX E B and Y is closed in X, then YE 2, 
(iv) ifXiE2’foranyiEN, then n{Xi: iERJ}ET, 
(v) iff: X + Y is a continuous onto mapping and X E 9, then YE 2, 
(vi) ifX =U {Xi: i E N} and Xi E 2 for every i E N, then X E 2, 
(vii) every space X E 3 is LindeliiJ: 
Proof. The properties (i)-(v) and (vii) follow trivially from the well-known proper- 
ties of perfect mappings [6, Section 3.71. To check (vi) let Y be the sum @ {Xi: i E N} 
of the family {Xi: iEN} [6, Section 2.21 and let f: Y+X be the mapping defined 
by f(r) =J;(y) for y E Y where i E N is the (unique) natural number SO that y E Xi 
and fi: : Xi + X is the natural homeomorphic imbedding of Xi into X. Note that f is 
continuous, f( Y) = X and the space Y is (homeomorphic to) the closed subspace 
of the space fl {Xi: i E N} x N where N is equipped with the discrete topology, SO 
from (ii)-(v) and our assumption it follows that X E 9. Cl 
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1.3. Corollary. Each u-compact space is a Lindeltif E-space. 
The following definition is due to Filippov. 
1.4. Definition. Let X be a normal space. By induction we will define Indo X as 
follows: 
(i) Ind, X = -1 iff X = 0, 
(ii) Ind, X < n iff for every closed set F c X and any open set Vc X that 
contains F there exists an open set U c X such that F c CJ c V, Ind, Fr Us n - 1 
and Fr U is a Gs-subset of X (here Fr U = Cl, U n Clx(X\Clx U)), 
(iii) Ind,, X = n iff Ind,, X s n and the inequality Ind, X s n - 1 does not hold, 
(iv) Ind,, X = cc iff the inequality Ind, Xc n does not hold for any n. 
1.5. Definition. A space X is said to be perfectly K-normal [22] iff Clx U is a 
G,-subset of X for every set U open in X. We say that X is hereditarily perfectly 
K-normal [7] iff every closed G,-subset of X is perfectly K-normal in the subspace 
topology. 
For the reader’s convenience we list here some facts about the dimension function 
Indo which will be used in the sequel. 
1.6. Fact [7, Proposition 11. If a space X is normal and hereditarily perfectly K-normal, 
then Ind X = Indo X. 
Recall that a space X is called completely paracompact [32] iff for every open 
cover % of the space X there exists a sequence {Vi: i E N} of star-finite open covers 
of X such that the union lJ {Vi: i E N} contains a refinement of %. Every strongly 
paracompact (in particular, Lindeliif) space is completely paracompact [32]. 
1.7. Fact [7, Proposition 21. Assume that X is a completelyparacompact (in particular, 
Lindekif) space. If X is hereditarily perfectly K-normal, then ind X = Ind X. 
1.8. Fact [ 12, Corollary 11. Assume that X, and X, are nonvoid spaces. If the product 
X, x X, is completely paracompact, then Ind, X, x Xz =z Indo X, + Indo X1. 
A topological group G is said to be precompact iff G is (isomorphic to) a subgroup 
of some compact group [31]. 
The proofs of the following facts can be found in [23, Section 21. 
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1.9. Fact. Let (X, T) be a space and A(X) be the free Abeliun group over X [9]. 
Then there exists a (unique) precompact group ropofogy T* on A(X) satisfying the 
following properties: 
(i) T*lx = T, 
(ii) if G is a compucr Abeliun group and f: (X, T) + G is a continuous mapping, 
then the natural homomorphic extension f: (A(X), T*)+ G of the mapping f over 
A(X) is continuous. 
1.10. Fact. Suppose that a space (X, T) has a countable base and let T* be the 
topology on A(X) constructed in Fact 1.9. Then: 
(i) T* has u countable network, 
(ii) A(x)=u{Fj:j~N} where each 5 is T*-closed and the space (4, T*(r,) is 
homeomorphic to a subspuce of (X, T)3 for some m, E N (in particular, T*If, has a 
countable base), 
(iii) ifx,,eX, Y=X\{x,,}und~:Y+A(X)isdefinedby~(y)=y-x,fory~Y, 
then v is the homeomorphism between the spaces ( Y, Tl,) and ( P( Y), T*InCv,) (in 
particular, T*l RC y, has a countable base). 
1.11. Lemma. Assume that (X, T) is a space, Hz is thegroup consisting of two elements, 
say 0 and 1, f : X + B2 is the mapping dejned by f (x) = 1 for each x E X, f: A(X) --, hz 
is the homomorphic extension off over A(X) and T* is the group topology on A(X) 
constructed in Fact 1.9. if the space (X, T) is connected, then the subgroup G =3-‘(O) 
of A(X) is the connected component of the zero of the topological group (A(X), T*). 
Proof. Note that Z2 endowed with the discrete topology is a compact Abelian group 
and the mapping f is continuous, soi: (A(X), T*)+ h, is continuous by Fact 1.9(ii). 
Hence G is T*-clopen, so to prove our lemma it suffices only to show that (G, T*(d) 
is connected. For every n EN define the mapping .E” :(X, T)2” + (A(X), T*) by 
‘= -” (XI,..., xzn)=x,+* * *+x, -(xn+,+. . .-l-X2”) 
forx,,..., x2” E X. Since T* is a group topology on A(X) and T*lx = T by Fact 
1.9(i), En is continuous. Since (X, T)2” is connected [6, Theorem 6.1.151, E’“(X’“) 
is a connected subspace of (A(X), T*) [6, Theorem 6.1.41. Furthermore, one can 
easily see that 0 E &(X2”) for every n EN and G = IJ (Zn(X2”): n E hl}, so (G, T*Ic) 
is connected [6, Corollary 6.1.101. 0 
1.12. Fact [25]. Let X be an infinite connected space with a countable base. 
Assume that dim X” = n for all k E N. Fix an X~E X and let Y = 
{y E X”1: ({LY E w,: y, # x0}] < w} c X”I be the u-product with the basic point x* E X”l 
all coordinates of which coincide with x0 [5]. Then dim Y = n, ind Y = Ind Y = cc and 
Y is a connected Lindeliif E-space. 
1.13. Fact [24]. Let G be a group, T* be a group topology on G having a countable 
network, 8 c T* and ]gj s w. Then there exists a group topology T on G such that 
2% c Tc T* and T has u countable base. 
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2. The small and large inductive dimensions in LindelSf I-groups 
We start with the following: 
2.1. Lemma. Suppose that a Lindeliif E-space X is a retract of a G,-subset of some 
topological group. Zf F is a G6-subset of X, then so is Clx F. 
Proof. Assume that B* is a Gb-subset of a topological group G*, Xc B* and 
r* : B* + X is a retraction. Let G be the smallest subgroup of G* containing X. Let 
X be a homeomorphic copy of X which is disjoint from X,j : X + X a homeomorph- 
ism and X0X the disjoint sum of X and 2. Fix a mapping 0 : X0X + G such 
that B(y) = y for y E X and 0(y) = (j(y))-’ for y E 2. For every integer n 2 1 let 
(P”: (X0X)” + G be the mapping defined by cp”(y,, . . . ,y,) = e(y,) . * * 0(y,) for 
every y, , . . . , y, E X0X. Since G is a topological group, each qn is continuous. 
One can easily verify that G = lJ { @,: n E N} where @, = cp,,((XO 2)“). From 
Lemma 1.2(iv)-(vi) it follows that G is a Lindelijf Z-space. Set B = B* n G and 
r = r*In. Then B is a G,-subset of G and r : B --* X is a retraction. Fix F, a G,-subset 
of X. Continuity of r yields that @ = r-‘(F) is a G,-subset of B. Since B is a 
G,-subset of G, so is 0. Since G is a LindelSf E-group, [30, Theorem 21 implies 
that CIG @ is a G,-subset of G. From X c B c G and the fact that r is a retraction 
it follows that Clx F = X n Cl, r-‘(F) = X n Cl, (D = X n CIG @, so one concludes 
that Cl, F is a G,-subset of X. 0 
From Lemma 2.1 one can easily deduce: 
2.2. Lemma. If a Lindeliif E-space X is a retract of a Gb-subset of some topological 
group, then X is hereditarily perfectly K-normal. 
2.3. Theorem. Let X be a Lindeliif Z-space and B a G,-subset of a topological group 
G. Suppose that X is a retract of B. Then ind X = Ind X. 
Proof. Combine the previous lemma with Fact 1.7. Cl 
2.4. Corollary. If a Lindeliif E-space X is a retract of some topological group, then 
ind X = Ind X. 
2.5. Corollary. If a Lindeliif Z-space X is a Gs-subset of some topological group, then 
ind X = Ind X. 
2.6. Corollary. If the space of a topological group G is a Lindeliif Z-space, then 
ind G = Ind G. 
2.7. Corollary. ind G = Ind G for every u-compact group G. 
Before formulating our next result it is worth pointing out that Filippov [S] 
constructed compact spaces X and Y with Ind X x Y > Ind X + Ind Y. 
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2.8. Theorem. Assume that for i = 1,2 Bi is a Gb-subset of a topological group Gi and 
Xi is a nonvoid Lindeliif z-space which is a retract of Bi. Then Ind X1 x X,S 
Ind X, + Ind X,. 
Proof. Since X, x Xz is a Lindelof E-space which is a retract of the GS-subset 
B, x Bz of the group G, x G1, from Lemma 2.2 it follows that X,, X2 and X, xX, 
are hereditarily perfectly K-nOrId. Now Fact 1.6 implies that Ind X1 = Indo X1, 
Ind Xz = Indo X, and Ind X1 x X, = Ind, X1 x X1. To finish the proof it suffices to 
apply Fact 1.8. Cl 
2.9. Corollary. If X and Y are Lindeliif x-spaces, X is a retract of a topological group 
G and Y is a retract of a topological group H, then Ind X x Y s Ind X + Ind Y. 
2.10. Corollary. If Lindeliif x-spaces Xand Yare nonvoid Gs-subsets of some topologi- 
cal groups, then Ind X x Y s Ind X + Ind Y. 
2.11. Corollary. Zf the spaces of topological groups G and H are Lindelif E-spaces, 
then Ind G x H =S Ind G + Ind H. In particular, the above inequality holds for u- 
compact groups G and H. 
3. Precompact Lindeliif Z-groups with noncoinciding dim and ind 
The main result of this section is the following theorem strengthening [25, Example 
3.11. 
3.1. Theorem. For every integer n 5 1 there exists a topological group G,, with the 
following properties: 
(i) G, is a Lindeliif E-space, 
(ii) G, is precompact, 
(iii) dim G, = n and ind G, = Ind G, = cc, 
(iv) G, is connected, 
(v) G,, is the free Abelian group of size 2”, 
(vi) everyfinitepower Gy of G, is algebraically and topologically isomorphic to G,. 
This theorem shows that in TkaEenko’s result cited in the Introduction, 
pseudocompactness of G cannot be weakened to precompactness (recall that 
pseudocompact topological groups are precompact [4]). 
For every integer n 2 1 Keesling [14] constructed a connected Abelian group H, 
such that H, has a countable base, dim H. = n and every finite power H,” of H, is 
algebraically and topologically isomorphic to H,. However the group H,, is not 
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precompact. For our purposes we need a precompact group with the above 
properties. 
3.2. Theorem. For every integer n 2 1 there exists a connected precompact group 
topology 9, on the free Abelian group G of size 2” such that dim(G, T’,) = 
dim(G, Tn)” = n and 9, has a countable base. 
Proof. Let (X, 9) be a connected subgroup of R”+’ constructed by Keesling [14]. 
Then dim(X, T)k = n for all k E N. Note that connectedness of (X, 9) implies that 
1X1=2”. Let T* be the topology on A(X) from Fact 1.9. In what follows we 
will use the notations from Fact 1.10. Fix a point xoe X and define Y=X\{x,,}, 
2 = W( Y). From Fact l.lO(iii) it follows that (2, T*lz) has a countable base, so we 
can fix a countable y = T* so that {U n Z: U E y} is a base for (Z, T*lz). Forj E N 
use Fact l.lO(ii) and choose a countable T3j c T* such that { U n Fj: CJ E CBj} forms 
a base of T*lF,. Define 
Obviously )$I s w and 8 c T*. Since Fact 1.10(i) yields that T* has a countable 
network, one can apply Fact 1.13 to find a group topology T on A(X) such that 
8 = 3-c T* and T has a countable base. Let G be the subgroup of A(X) from 
Lemma 1.11. Define 9” =z?-]~. First of all observe that lGI=1X/=Z” and G is 
a free Abelian group as a subgroup of the free Abelian group A(X) [9, 
Theorem 14.51. Since T has a countable base, Tn has a countable base too. Since 
5-c r*, precompactness of r* implies precompactness of 5?. Thus (G, 9”) is 
precompact being a subgroup of the precompact group (A(X), 3). Since (X, 9) 
is connected, Lemma 1.11 yields that (G, T*lc) is connected. Now from 
Tn = TIG c T*Ic it follows that Tn is connected. So it remains to prove that 
dim( G, 9,) = dim( G, 9,)” = n. 
By our choice of 8 and T every F, is T-closed and the space (4, T15) 
is homeomorphic to a subspace of (X, T)“l for some mj E N. Fix an 1 EN. For 
II,*- . , j, EN define @j ,... j, = 5, X * * * X 5,. One can easily see that A(X)‘= 
U {@j,...j,: jl  . . . , j, E FU} where every @ ,,... j, is closed in (A(X), 3)’ and homeomor- 
phic to a subspace of (X, 9) mll+..‘+m 11. Therefore dim @j,...j, s dim(X, T)“‘JI’.“+“u < n 
(recall that 9 has a countable base). Now dim(A(X), 9)‘~ n by the countable sum 
theorem [6, Theorem 7.2.11. Since (A(X), &w is homeomorphic to the limit of the 
natural inverse sequence {(A(X), 3)‘: 1 EN} consisting of c n-dimensional spaces 
with a countable base, dim(A(X), T)“‘s n [ 161. Since (G, Tn)” is a subspace of 
the space (A(X), 3)” with a countable base, dim(G, Tn)” < dim(A(X), T)- == n. 
On the other hand, since (X, 9) has a countable base, dim( Y, 91 y) = dim(X, 9) = 
n because otherwise the countable sum theorem [6, Theorem 7.2.11 would yield a 
contradiction. Now from Fact l.lO(iii) it follows that dim(Z, T*l,) = dim( Y, 91,) = 
n. Note that Zc G, and the choice of y and T imply that Tmlz = T*jz_ 
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Since 9, has a countable base, we conclude that dim(G, 9”) > dim(Z, Ynlz) = 
dim(Z, Y*(,) = n. Cl 
3.3. Corollary. For every n 2 1 there is a connected precompact Abelian group H,, with 
a countable base such that dim H, = n and H,, is algebraically and topologically 
isomorphic to its direct countable power Hz. 
Proof. Define H, to be (G, Y”)” where (G, 9”) is as in Theorem 3.2. 0 
Proof of Theorem 3.1. For n > 1 fixed define K to be the group (G, Y,,) constructed 
in Theorem 3.2. Let G, be the o-product in K ml with the basic point having all its 
coordinates zero (see Fact 1.12). Then G, is a subgroup of K”I and thus G, is 
precompact since K is precompact. Since K is a free Abelian group, so is G,,. Note 
that lGnl = IKI = 2”. All other properties of G, easily follow from Theorem 3.2 and 
Fact 1.12. Cl 
3.4. Remark. If in the proof of Theorem 3.1 one takes the group H,, from Corollary 
3.3 as K (instead of (G, 5”) as above), then the resulting group G, would satisfy 
the properties (i)-(iv) of Theorem 3.1 and also the following property: 
(vi’) Thegroup G, is algebraically and topologically isomorphic to its direct countable 
power Gz. 
3.5. Remark. Pasynkov [18] introduced the notion of an almost metrizable group. 
A topological group G is almost metrizable iff G contains a compact subset K 
having countable character in G (this means that there exists a sequence {U,,: n E FU} 
of open subsets of G such that for every open subset U of G with K c U c G one 
can find an n EN so that Kc V, c U). Pasynkov proved that dim G = Ind G for 
every almost metrizable group G ([18]; see also [21]). If G is a topological group 
so that there exists a continuous perfect mapping f: G + M of G onto a metrizable 
space M, then G is almost metrizable and thus by Pasynkov’s theorem dim G = Ind G 
for every such group G. As a consequence of this result and Corollary 2.6 we obtain 
that dim G = Ind G = ind G for every group G the space of which is a Lindelof 
p-space. 
Comparing Corollary 2.7 with Theorem 3.1 leads to the following: 
3.6. Question. Is dim G = ind G = Ind G for every a-compact topological group G? 
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